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High School

Mathematics
Extension 2

General Instructions
e Reading time - 5 minutes
¢ Working time -3 hours

e Board-approved calculators may
be used

e Write using black or blue pen

e A table of standard integrals is
provided

o All necessary working should be
shown in every question

o Write your student number
at the top of every page

2010
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Start each question on a new
sheet of paper

Each question is to be handed in
separately

Total marks — 120
Attempt Questions 1 — 8

All questions are of equal value

This paper MUST NOT be removed from the examination room
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Question 1 15 Marks Start a new page
a.) Find [-2=

b.) Find [ ——=dx

c.) Evaluate in simplest exact form fog Efgjﬂ d

d.) Using partial fractions evaluate ff 3:3{2 dx

e.) Evaluate f—olxz(:iz dx

Question 2 15 Marks Start a new page
a.) The complex number z is givenby z =1 + E find:

b.)

d.)

[. Re(z)
ii. Im(z)
iii. )z|

iv. arg (z)

Marks

[2]

[3]

(3]

[4]

[1]
e
[1]
[1]

On separate Argand diagrams, draw neat labelled sketches for each of the

regions:
i |lz—-2—-i|=4
ii. Re(z+iz)=2

i. Determine the locus of the compiex number z given:
arg(z—2) = g +arg (z + 2)

ii. sketch the locus on the Argand diagram

i. Express 2v/3 — 2i in polar form

ii. Hence or otherwise evaluate (2v3 — 2i)7 giving your answer as

a complex number in Cartesian form

[1]
[2]

[2]
2]

[1]

[3]



Marks

Question 3 15 Marks Start a new page

a.) The polynomial P(x) = x3 — 12x? + 36x + ¢ has a double zero. Find any
possible values of the real number c. [3]

b.}

The diagram shows the graph of the function y = f(x).
The function has a horizontal asymptote as y = 1.
- Draw separate half-page sketches of the graphs of the following functions:

Ly =1f() [2]
i, y = le) [2]
jil. v = In [f(x)] [2]

c) P(x) = x*—2x% + 4x? — 3x + 1 and the equation P(x) = 0 has roots
a, B,y,and §.

i. Show that the equation P(x) = 0 has no integer roots [1]
ii. Show that P(x) = 0 has a real root between 0 and 1 (1]
ii. Show that a? + B2 +y% + §% = —4 2]

iv. Hence find the number of real roots of the equation P(x) = 0,
giving reasons [2]



Marks

Question 4 15 Marks Start a new page

a.)

b.)

d.)

Forthe curve v + 2xy + x2 +2 =10

. dy _ —2{y+x) ’
i. Show that = ayiezx [3]
li. Find the coordinates of any stationary points on the curve [2]

Points P{a cos @, bsin®) and Q(acos ¢,bsing) lie on

the ellipse £ + 2 = 1.
i. Find the equation of the chord PQ [1]

ii. Hence show that if PQ subtends a right angle at the point A(a, 0)then.PQ

passes through a fixed point T'(t, 0) on the x-axis, where ¢ = :;1 [4]

Find [ sin™1x dx 2]

The point A represents the complex number z; and the point Z;represents the
complex number z;. The point Z; is rotated about A through a right angle in the
positive direction to take up the position Z,, representing the complex number
z,. Showthatz, = (1 —i)zz + iz, [3]

Question 5 15 Marks Start a new page

a.)

b.)

Use Mathematical induction to show that

1 1 1 1 1

'1‘5+'2'5+3—2+ "'+;E< 2—;

for all positive integers n = 2 (4]

The area below the curve y = bx — ax? (where a > 0 and b > 0) and above the
x-axis is rotated about the y axis through a complete revolution.

Show, using a slice technique or otherwise, that the volume of the solid so
formed is:

:Tlg cubic units [3]



Marks

c.) Patrick’s accuracy with darts is such that if he scores a bullseye, the probability
of doing the same on the next throw is g however if he misses, the probability

that he again misses the bullseye on the next throw is %.

The probability of hitting the bullseye on the first throw is §

i. What is the probability that he throws a bullseye on the second throw? [2]

ii. What is the probability that he misses a bullseye on the third throw? [2]

d.) On a certain day, the depth of water in a harbour at high tide at 5 am is 9 m.
At the following low tide at 11:20 am the depth is 3 m. Assuming that the
tidal motion is simple harmonic, find the latest time before noon that a ship
can enter the harbour if a minimum depth of 7.5 m of water is required. [4]

Question 6 15 Marks Start a new page

x* oy
a.} For the hyperbola o im 1 find:

i. The eccentricity [
ii. The coordinates of the foci [1]
lii. The equations of the directrices [1]

b.) ABCD is a cyclic quadrilateral whose opposite sides meet at E and F and whose

diagonals meet at G.
E

i. [f BD bisects the angles at B and D, prove that ZBAD is a right angle. [3]

ii. What is the relation between the angles EAF and ECF? (3]



Marks

c.) By taking strips parallel to the axis of rotation, use the method of cylindrical
shells to find the volume of the solid obtained by rotating the region
{(x,¥):0 < y < 2x — x?} about the y-axis. [3]

d.) By using two applications of integration by pérts,

evaluate [2 e* cosx dx ' [3]

Question 7 15 Marks Start a new page

a.) The solid shown has a semicircular base of radius 2 units.
Vertical cross-sections perpendicular to the diameter are right-angled
triangles whose height is bounded by the parabola z = 4 — x2.

AZ
4

i. By slicing at right angles to the x-axis, show that the volume of the
solid is given by V = [’(4 — x*)3/? dx, : [3]

ii. and hence calculate this volume. [3]

b.} For positive real numbers a, b, ¢, a;, d,, -+, ay:

i. Show thata += = 2 [1]

ii. Hence show that (a + b) (ﬁ + —) =4
and (@+b+c) (3+3+3) 29 [2]

iil. Show that (a; + a; + *+ ag) (= + =+ - +—) 2 n? 2]
1 2 n



c) P (Cp, i) ,0 (cq,g) R (cr, ;f-) are three points on the rectangular hyperbola

xy = ¢? such that the parameters p, g, are in geometric progression.

i. Explain why P and R must lie on the same branch of the hyperbola.
Under what condition will @ lie on the opposite branch to P and R?

ii. Show that the chord PR is parallel to the tangent to the hyperboia at Q.

Question 8 15 Marks Start a new page

a) I, = fol m(l+x)dx,n=20,1,2,--

b.)

i. Showthat [In(1+x)dx=A+x)n(l+x)—x+c
ii. Show that (n+ 1)I, = 2In2 ———nlp_y, n=1,2,

iii. Evaluate 31, and 4/,

Tt it o nodd
iv. Show that (n + 1)I,, = L1 1
2ln2-—(———+-———+-- m——), n even
2 3 4 n+i
e = at(1-tf)
i. Ift=tanx prove thattan4x = i_erZi1

i. Iftanxtan4x = 1 deduce that5t*—10t2+1=0

iii. Prove that x = 18° and x = 54° satisfy the equation tanxtan4x = 1

iv. Deduce that tan 54° = }%g

End of paper.

Marks

[1]
[3]

[1]
[2]
[2]

[2]

[2]
[1]

[2]

[3]



STANDARD INTEGRALS

( 1

x™ dx = " me-1; x20,ifn<0
J n+1l
(1

—dx =lnx, x>0

x

ax 1 o

e dx =—er, a#0
( 1.

cosaxdx = —sinax, a#0
[ 1

sinaxdx =—Ecosax, az=0
~ 2 1

secTax dx =Etanax, a#0
[ 1

secax tanaxdx =—a-secax, a#0
J
.

1 1 1 X
3 2dx = —tan 1—, az0
JoaT+x a a
i X
b =sin_1a-, a>0, —a<x<a

1
[2 2 2
r.'
,\/T%a—{dx =111(x+\/x2—a2), x>a>0
1
\fx2+a2

"

dx =ln(x+\/x2+a2)

NOTE: Inx=log,x, x>0

© Board of Studies NSW
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